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Abstract

We explore the p-adic valuations of the coefficients of a polynomial that
appeared in the evaluation of a quartic integral. The behavior of the roots of
Pm(a) = 0 is also explored. In particular we conjecture limiting regions for the
location of these zeros. These lemniscatic regions are analogues of a classical
result of Polya and Szego on the zeros of Taylor polynomials of the exponential
function.

1 Introduction

This paper is concerned with the coefficients of a family of polynomials that appeared
in the evaluation of the definite integral

N0,4(a; m) =

∫ ∞

0

dx

(x4 + 2ax2 + 1)m+1
(1)

where m ∈ N and a > −1 ∈ Q. In the evaluation of this integral it has been shown
that the function Pm(a), defined by

Pm(a) :=
2m+3/2

π
(a + 1)m+1/2N0,4(a; m). (2)

is a polynomial of degree m in a. The coefficients of the polynomial are denoted
dl(m), 0 ≤ m ≤ l. That is,

Pm(a) =
m

∑

l=0

dl(m)al. (3)

The zeros of Pm(a) have been studied in [1]. We have produced an equation for a
lemniscatic region formed by the zeros of Pm(ma). The existence of this lemniscate
was suggested in [1]. In this paper we produce an equation for this lemniscate.
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2 The Three Formulations of the Coefficients

We begin by studying the three formulations of the coefficients dl(m). The following
three formulas are found in [1]. The first formula to express the coefficients of Pm(a)
is

dl(m) =
l

∑

j=0

m−l
∑

s=0

m
∑

k=s+l

(−1)k−l−s2−3k

(

2k

k

)(

2m + 1

2(s + j)

)(

m − s − j

m − k

)(

s + j

j

)(

k − s − j

l − j

)

.

(4)
This was the first expression for dl(m). It is highly inefficient, both from a compu-
tational and an analytic point of view. Not even the positivity of dl(m) can be seen
from it.

The second formula can be derived from a hypergeometric representation of (1).

dl(m) = 2−2m

m
∑

k=l

2k

(

2m − 2k

m − k

)(

m + k

m

)(

k

l

)

. (5)

This formula makes the positivity of dl(m) apparent.

The last formula is defined using two families of polynomials denoted by αl(m) and
βl(m).

1

l!m!2m+1
(αl(m)

m
∏

k=1

(4k − 1) − βl(m)
m
∏

k=1

(4k + 1)). (6)

The polynomials α and β are defined as

αl(m) =

b l

2
c

∑

t=0

(

l

2t

) m+t
∏

v=m+1

(4v − 1)
m
∏

v=m−(l−2t−1)

(2v + 1)
t−1
∏

v=1

(4v + 1). (7)

βl(m) =

b l+1

2
c

∑

t=1

(

l

2t − 1

) m+t−1
∏

v=m+1

(4v + 1)
m
∏

v=m−(l−2t)

(2v + 1)
t−1
∏

v=1

(4v − 1). (8)

We began our project by testing the amount of time Mathematica takes to compute
each formula of dl(m). Due to the drastic differences between (4),(5), and (6), we
were not sure what to expect from each. However, we believed that (5) would be
the most computationally intensive when m and l are far apart, and decrease in time
as l and m approach one another. Furthermore, it was thought that (5) would take
the least amount of time to calculate dl(m) at first, and increase in time as m and l

approach each other. For our research, (4) was useless and cumbersome; hence, we
dismissed this formula immediately. As mentioned before, (5) is the formula which
is most fascinating, mainly because the result is so counter-intuitive. Instead of the
exponentially-decaying-like plot we expected, we obtain a concave curve.
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Figure 1: Time of calculation vs. l of (5)

This curve suggests that in fact, Mathematica takes very little time to calculate
dl(m) when m and l are very far apart and very close, and takes the longest amount
of time to calculate somewhere in the middle. A reason for this unforeseen result
may be an internal simplification by Mathematica. As for (6), the resulting curve is
exactly what we expected. This is shown below in Figure 2.

3 Information Concerning Primes

In this section, we discuss the patterns the coefficients of Pm(a) made using only

the numerator of (6). We focused only on the numerator because the denominator
already had a known formula. By dismissing the denominator, the amount of time
to perform calculations was decreased dramatically. Therefore, we consider (6) using
only the numerator defined as

αl(m)
m
∏

k=1

(4k − 1) − βl(m)
m
∏

k=1

(4k + 1) (9)

where α and β are defined as (7) and (8). Now, we proceed to prime factor (9).

3.1 The prime factorization of d2(100)

The results after computing m and l values for dl(m) are not very helpful due to
the large digits these calculations render. For example, computing the quadratic
coefficient of P100(a) gives
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Figure 2: Time of calculation vs. l of (6)

d2(100) = 1351461102777815808393913272661726633262128531392410081515132

73763915517903510899305269529295976153029866274740427808145971

41378956530151183539676009470431285816397457271179662802768735

5115266530627508172988891601562500000.

A much more practical way of expressing the results for dl(m) is through prime
factorization.

Example 1.

d2(100) = 25 · 349 · 525 · 716 · 1110 · 137 · 176 · 196 · 234 · 293 · 313 · 372 · 412 · 432 · 472

·532 · 59 · 61 · 672 · 71 · 73 · 79 · 83 · 892 · 97 · 101 · 103 · 107 · 109 · 113
·127 · 131 × N

where N = 18664227401930885935229172861574786987226064064062859590003167735617.
The number N above is left unfactored by Mathematica.

The above list representation of the d2(100) prime factorization begins with relatively
small primes, and ends with a large prime raised to a power. When plotting the
quadratic that divides the 100th coefficient of Pm(a), there is difficulty in viewing the
small primes due to the scale of the large primes.

Therefore, we plot the prime factorization of the (9) without the large prime, and
from then on, concentrate mainly on the smaller primes during calculations with the
(9) of dl(m).
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3.2 2-adic valuation of dl(m)

After prime factoring d2(100), we want to explore the exact power of each prime that
divides dl(m). From [2], we recall a famous result of Legendre for the p-adic valuation
of m!, which states

νp(m!) =
m − sp(m)

p − 1

where sp(m) is the sum of the base-p digits of m. We also know from [2], that

ν2(m!) = m − s2(m).

In [2], Boros, Moll and Shallit, proved a closed-form expression for finding ν2(d0(m))
and ν2(d1(m)).

Thus, we explore ν2(dl(m)) for l ≥ 2.

3.3 The linear term of Pm(a)

From Example 1 in (3.1), we were interested in the exact number of times each prime
number p divides the coefficient dl(m). This is the p-adic valuation of dl(m) and is
denoted by νp(dl(m)). We specifically concentrate on the power of two that divides
dl(m). That is, the 2-adic valuation of the coefficient

ν2(dl(m))

as both l and m increase. It was noticed that the l in dl(m) was of importance in
determining the type of pattern formed from the list ν2(dl(m) when 1 ≤ m ≤ r, where
r is chosen. To represent the list formed by ν2(dl(m)), when we range m from 1 to
r, we use the notation Ln(b). Here, n refers to the term of Pm(a). The b is used to
reference the steps taken when manipulating the lists formed by ν2(dl(m)).

Example 2. We now present a list of the values of ν2(d1(m)) where 0 ≤ m ≤ 14,

L1(1) : {1, 2, 2, 3, 3, 2, 2, 4, 4, 2, 2, 3, 3, 2, 2}.

Note the first term, 1, does not follow the pattern formed by the rest of the list.
Hence, it is dropped and another list is formed,

L1(2) : {2, 2, 3, 3, 2, 2, 4, 4, 2, 2, 3, 3, 2, 2}.
We noticed each term in L1(1) is repeated twice. Suppressing each of the repeated

terms, we have the following list:

L1(2) : {2, 3, 2, 4, 2, 3, 2}.

From L1(3), we generate a function to output any ν2(d1(m)) with any inputted
value of m. Then f1(1) = 1 and we conjecture that

f1(m) = 2 + ν(bm + 1

2
c) if m > 1. (10)
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3.4 The quadratic term of Pm(a)

We continued looking at the patterns generated by the lists created by increasing the
value of the coefficients of Pm(a). The 2-adic valuation ν2(d2(m)) forms a similar
pattern to that of ν2(d1(m)). However, the variation came from the number of times
each term repeated in L1(1), and the difference between the ones and rest of the terms
in L1(1).

L2(1) : {1, 1, 5, 5, 5, 5, 6, 6, 6, 6, 5, 5, 5, 5, 7, 7, 7, 7}.

When r = 17, dismiss the first two terms (these are both 1), to produce

L2(2) : {5, 5, 5, 5, 6, 6, 6, 6, 5, 5, 5, 5, 7, 7, 7, 7};

and suppress all of the terms that repeat to get the following list:

L2(3) : {5, 6, 5, 7, 5, 6, 5, 8, 5, 6, 5, 7, 5, 6, 5, 9, 5}. (11)

From L2(3), we manipulate the function, ν2(d1(m)), to get the pattern for ν2(d2(m)).
This yields the conjecture that ν2(d2(m)) = 1 for m = 1 or 2 and

ν2(d2(m)) = 5 + ν2(b
m + 1

4
c)m > 2.

3.5 The cubic term of dl(m)

Next consider the cubic term of dl(m). The 2-adic valuation of d3(m) does not follow
the same patterns as in d1(m) and d2(m). When r = 14,

L3(1) : {1, 1, 1, 7, 7, 9, 9, 8, 8, 9, 9, 7, 7, 10, 10}.

After dropping the ones

L3(2) : {7, 7, 9, 9, 8, 8, 9, 9, 7, 7, 10, 10},

and combining the repeated terms,

L3(3) : {7, 9, 8, 9, 7, 10, 9, 10, 7, 9, 8, 9, 7, 11}.
L3(3) has the following property: the first term is repeated every fourth term.

This opposes from the lists L1(3) and L2(3), where the first term is repeated every
other term. From L3(3), we can separate the remaining terms that are not seven, by
grouping three consecutive terms,

L3(4) : {9, 8, 9, 10, 9, 10, 9, 8, 9, 11, 10, 11, 9, 8, 9, 10, 9, 10}.
Notice the first three terms repeat every other three terms, so we drop them, and

have
L3(5) : {10, 9, 10, 11, 10, 11, 10, 9, 10, 12, 11, 12}.

The expression ν2(d3(m)) has its own distinct pattern, which is not similar to the
prior patterns followed by linear and quadratic terms of Pm(a).
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3.6 A generalization for ν2(dl(m))

By inspection, one can notice the lists of ν2(dl(m)), when 1 ≤ m ≤ r, of ν2(dl(m))
follow the same pattern at the multiples of the power of two. For example, l = 1 can
be expressed as l = 20, l = 2 can be expressed as l = 21. However, l = 3 cannot be
expressed as a power of two. As examples, we continued increasing the value of the
index, l, and found an expression to generate the lists. For the quartic term of dl(m)
has a list of terms ν2(d4(m)) is expressed by the following equation:

ν2(d4(m)) = { 1 1 ≤ m = 4,
11 + ν2(bm+1

8
c) m > 4.

For the 8-th coefficient of dl(m), the general pattern of the list of terms ν2(d8(m))
is

ν(d8(m)) = { 1 1 ≤ m = 8,
23 + ν(bm+1

16
c) m > 8.

Conjecture 1. The exact power of two that divides dl(m), where l is a power of two
is given by

ν2(dl(m)) = { 1 1 ≤ m ≤ l,

(3l − 1) + ν2(bm+1
2l

c) m > l.

3.7 Plotting ν2(dl(m))

We now consider a way to represent ν2(dl(m)) geometrically. We concentrate on
ν2(dl(m)), where l is a power of two. Recall that for ν2(d2(m)) we have generated the
list

L2(3) = {5, 6, 5, 7, 5, 6, 5, 8, 5, 6, 5, 7, 5, 6, 5, 9, 5}
. Notice that once L2(3) is plotted, the distance between the values of the list are
what create the pattern. Thus, one can create a new list,

L2(4) : {0, 1, 0, 2, 1, 2, 0, 1, 0}.
The plot in Figure 3, demonstrates the symmetry of the pattern the list follows

which may not be inferred from the list nor the expression. Also, one notices a re-
cursive behavior followed by the pattern of the list, L2(4). By using Mathematica,
a formula is generated to define the recursion occurring with the list L2(4). As m,
the degree of the polynomial Pm(a), increases, the recurrence also increases as follows:

4 The Presence of Patterns

This section presents the patterns that (6) makes. First, we specifically looked at the
pattern created when taking the difference of the numerator of (6),
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Figure 3: A normalized graph of number of times the power of 2 divides d2(m) using
Mathematica

αl(m)
m
∏

k=1

(4k − 1) − βl(m)
m
∏

k=1

(4k + 1)

from the denominator of (6),

l!m!2m+l

when ν3(d1(m)).
To find the specific values of m when zero occurs, the difference between the

numerator and the denominator also has to equal zero. Looking at the distance
between these specific values of m, it can be seen that the distance values repeat. For
example, with m ranging from 3 to 3000 (because any value below three would not
exist since it would not be able to be divided by 3), the distance between the values
vary between {1, 3, 8, 21, 62, 182, 548}.

Using the difference in distance values obtained, we look for a particular pattern
that could be made. Dismissing the first value, which is equal to one, a pattern is
distinguished. Taking the previous term, multiplying it by three, then subtracting
either one or three (depending on the term); the desired answer will be produced.
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Figure 4: Various normalized graphs of the number of times that the power of 2
divides d2(m) using Mathematica

Pattern i Equation
1 - -
3 1 -
8 2 3 · 3 - 1
21 3 3 · 8 - 3
62 4 3 · 21 - 1
182 5 3 · 62 - 3
548 6 3 · 182 -1

Proposition 1. Refer to the table above. Let q be a value determined by the pattern

{1, 3, 8, 21, 62, 182, 548...}. Let i be the term that determines the value of q. When

i ≥ 2,

qi = 3 · qi−1 −
{

1 when i is odd,

3 when i is even.

Next we considered the difference between the numerator and the denominator of
ν5(d1(m)). Again, a pattern occurred between the specific values of m. The distance
values varied between {1, 2, 3, 7, 32, 157}. Again dismiss the values before the fifth
term, and then the numbers are expressed in terms of the previous term.

Thus, taking the previous term, multiplying it by five, then subtracting it by
three; gives the answer to the next number desired.
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Pattern j Equation
1 - -
2 - -
3 - -
7 1 -
32 2 5 · 7 - 3
127 3 5 · 32 - 3
632 4 5 · 127 - 3

Proposition 2. Refer to the table above. Let m be a value determined by the pattern

{1, 2, 3, 7, 32, 127, 632...}. Let j be the term that determines m. When j ≥ 2,

mj = 5 · mj−1 − 3

We looked at the patterns for the powers of seven and eleven. However, it was
seen that these powers had no specific pattern that could be followed.

5 A basic review of polar equations

In the next section, we will encounter some lemniscates; therefore, we will briefly
review them in this section. The standard xy-coordinate system is a familiar way
to plot points in a plane. However, in some situations, polar equations are more
convenient. From elementary trigonometry, we know that the substitutions required
to convert rectangular coordinates to polar coordinates are x = r cos ϕ and y = r sin ϕ.
Now consider the unit circle as an example of how polar coordinates simplify certain
calculations. In order to plot x2 + y2 = 1, one needs to solve for y and plot the
following two functions: y = ±

√
1 − x2. However, if polar coordinates are used,

r = 1 becomes the function. An example of a polar equation is the following rose.

-1 -0.5 0.5 1

-1

-0.5

0.5

1

Figure 5: r(ϕ) = cos 2ϕ

Note that the trigonometric function being used is r(ϕ) = a cos 2ϕ, which is posi-
tive on the interval (−π

4
, π

4
)∪(3π

4
, 5π

4
) and negative elsewhere. Hence, when considering
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the lemniscate of Bernoulli, [r(ϕ)]2 = a cos 2ϕ, the top and bottom pedals are not
seen, giving us the following plot

-1 -0.8 -0.6 -0.4 -0.2

-0.3

-0.2

-0.1

0.1

0.2

0.3

Figure 6: left side of [r(ϕ)]2 = cos 2ϕ

This is the lemniscate considered in the next section. In fact, only the left pedal
will be looked at, since this is the region where the roots being studied lie.

6 A Study on the real roots of Pm(a)

The following notation will be used in this section. When referring to the roots of
the first j polynomials, call this set

Ej = {zm ∈ C : Pm(zm) = 0, 1 ≤ m ≤ j}.

When concentrating strictly on the real elements of this set, call it

E ′
j = {z′

m ∈ R : Pm(z′
m) = 0, 1 ≤ m ≤ j m is odd},

so that
E ′

j ⊂ Ej.

Let
Qm(a) = Pm(m · a).

Then these new ”scaled roots,” will be the set,

Bj = {ym ∈ C : Qm(ym) = 0,∃m, 1 ≤ m ≤ j}.

As with the first two sets, let

B′
j = {y′

m ∈ R : Pm(y′
m) = 0, 1 ≤ m ≤ j m is odd}
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such that
B′

j ⊂ Bj.

We know from [1] that the polynomial Pm(a) has no real zero when m is even and
a single real root, located in a < −1, when m is odd. This lead us to investigate the
properties of these real zeros from the odd polynomials. The plot for the real solution
suggest that −

√
2 is the supremum of these roots for high values of m.

10 20 30 40 50 60 70

-1.426

-1.424

-1.422

-1.418

-1.416

-1.414

Figure 7: The convergence of real roots of Pm(a)

This lead us to the following conjecture.

Conjecture 2. The set E ′
m has−

√
2 as its single limit point:

lim
m→∞

z′m = −
√

2.

Assuming the above conjecture is true, then B ′
m is bounded above by −

√
2

m
. That

is, lim
m→∞

m · wm = −
√

2. Consider the following two examples for m = 51.

Hence, our conjecture is supported by numerical methods.

We can infer from the above conjecture that the equation of the inner lemniscate
(i.e. the one formed by the scaled roots), called LA, can be found by letting [r(ϕ)]2 =
2

m2 cos 2ϕ. Hence, given any polynomial of degree m,

LA(m) ≈ ±
√

2

m

√

cos 2ϕ

for m ∈ R+ and

LA(m) = ±
√

2

m

√

cos 2ϕ
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Figure 8: Comparing the scaled and unscaled plots of S51

as m approaches infinity. We note in passing that

lim
m→∞

LA(m) = 0

is a direct consequence of the way LA is defined.
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Figure 9: Plot of S41 and LA(41)

The elements of B′
j seem to converge around the origin. We believed there existed

a larger lemniscate which contained B ′
j. Since Qm(a) = Pm(m · a), when m = 1,

Q1(a) = P (= a). Also, for all i greater than 1 , yi < zi. Note that P1(a) = 0 → a =
−3

2
. Thus, letting [r(ϕ)]2 = 9

4
cos 2ϕ, we noticed that B ′

1 was contained within the
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lemniscate. After several trials, by choosing different values of m, we agreed that the
roots of B′

m will always lie within the lemniscate [r(ϕ)]2 = 9
4
cos 2ϕ. This lemniscate

is called LX .

-1.4 -1.2 -1 -0.8 -0.6 -0.4 -0.2
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0.2

0.4

Figure 10: The roots of S41 contained within LB

We arrived at the following conjecture:

Conjecture 3. Let LA be a small lemniscate dependant on m and LX be a large
fixed lemniscate. Then B ′

m is contained in the region bounded between LA(m) and
LX .

7 Conclusion

We have produced conjectures for the 2-adic valuation of coefficients of Pm(a) for the
index l is a power of two. For the general case, l is not a power of two, we have
conjecture a geometric principle that governs the graphics of these valuations. We
also found an equation for two lemniscatic regions that bounds the scaled roots of
Pm(a)

8 Future Work

Furthermore, while we were able to make to conjectures about the roots of Pm(a),
we were not able to prove either one. Therefore, we believe this is an interesting
and challenging activity for future work. While we explored the expression ν2(dl(m)),
we were unable to generate a closed-form formula. We consider this an interesting
project for the future. Another possible project is to further explore ν3(dl(m)) and if
possible find a closed-form expression.
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