
A Computational Model of the Motion of Flagella

Oscar Del Valle

Cosumnes River College

oscarspawn2081@yahoo.com

Heather Flores

University of Nebraska-Lincoln

hflores@math.unl.edu

Stefan Mendez-Diez

University of Chicago

stefan@uchicago.edu

July 30, 2002

Abstract

Escherichia coli (E. coli) is a type of bacteria that uses multiple flagella
concentrated at one end of its body to induce locomotion. The flagella are
formed in left-handed helices and have a motor at the base of each flagellum
that can rotate either clockwise or counterclockwise. When rotating counter-
clockwise, the flagella bundle causing forward motion of the bacteria. When
rotating clockwise, the flagella fly apart resulting in no net motion. This pa-
per deals with the construction of a computional model of these two types of
motion. Due to the small size of E. coli, we use the equations of Stokes Flow
to describe the fluid flow created by the rotation of the flagella. We use spring
forces to model elastic flagella of helical shape and model the resulting flow us-
ing Stokeslets. We also apply a torque at the base of each flagellum to represent
the motor and use a rotlet to describe the generated flows. Using a method
involving a cutoff function, we regularize both the Stokeslet and rotlet which
contain singularities. We look at the cases of one flagellum, two flagella and
finally four flagella. From one flagellum we deduce an accurate method for the
construction of the bacterial flagella. The interactions of two flagella provide
insight into the types of flows generated, and how our model can be made more
accurate. Finally,we use the model of four flagella to study bundling and learn
ways in which this can be improved upon.

1 Introduction

For many microscopic organisms, flagella are their primary means of locomotion.
This research focuses on the motion generated by lophotricous flagella which are
multiple flagella located at one end of the organism. The bacteria, Escherichia coli

(E. coli), is one of the best known examples of such an organism. E. coli respond
and change their motion according to environmental signals such as chemicals, pH,
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temperature, osmolarity, etc. It is equipped with a set of rotary motors inside the
cell wall only 45 nm in diameter driven by protons flowing from the outside to the
inside of the cell. This drives a long thin helical flagella that extends out several
cell body lengths. The motor generates a torque at the base of the cell wall. This
torque causes a rotation throughout the flagella. In E. coli, the motor runs either
clockwise or counterclockwise. When the motor turns counterclockwise, the flagella
rotate around one another into a bundle pushing the bacteria forward, a motion called
running. When the motor turns clockwise, the flagella move erratically (tumble) with
little or no net displacement of the body. The bacteria run and tumble at a random
pace executing a three-dimensional, random walk. They swim in the direction of
their long axis at a rate of about 35 diameters per second, often changing course but
rarely stopping [1]. When the motor turns one way, the body of the bacteria turns
in the opposite direction creating a net torque of zero in the system. The goal of our
research is to derive an accurate model of how these type of organisms move. More
specifically, we are interested in looking at the fluid flow generated by multiple helical
flagella rotating around each other and how this flow causes bundling and tumbling.
We desire to create a computational model that depicts these motions and ultimately
shows us how these types of organisms move.

E. coli live in an aqueous environment. So in order to create our model, we use
the Navier-Stokes equations which describe the motion in fluids. Since bacteria are
microscopic, their motion is affected by viscous rather than inertial forces. Because
of this fact, we model the fluid motion as Stokes Flow. Our model will contain forces
along the flagella that keep it solid but flexible, as well as others to hold it in a helical
form. Another component to our model is the motor at the end of each flagella that
creates a rotation that results in a torque at the end of each flagella. We will model
this rotation using a rotlet. To put all of this together, we derive expressions for the
velocity due to a force applied to a Stokes Flow and for the velocity due to a torque
applied to the same flow. These expressions are derived in the next sections.

2 Methods

2.1 Navier-Stokes Equations

The motion of an incompressible fluid is described by the Navier-Stokes equations.
The equations are

ρ
D~u

Dt
= −∇p + µ∆~u + ~f,

∇ · ~u = 0

where ρ is the fluid density, p is the pressure, ~u is the velocity, µ is the viscosity, and
~f is the external force. To compare all terms of the equations, they shall be put into
dimensionless form letting

x̃ =
1

L
~x, [ρ] =

kg

m3
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ũ =
1

u
~u, [P ] =

kg

ms2

t̃ =
u

L
t, [µ] =

kg

ms

p̃ =
1

P
p, [~f ] =

kg

m2s2

f̃ =
1

F
~f

where L is a characteristic length, u is a characteristic speed, F is a characteristic
force, and P is a characteristic pressure.

When the dimensionless variables are substituted into the Navier-Stokes equations
and some simplifications are made, we are left with the dimensionless form

Dũ

Dt̃
= −

P

ρu2
∇p̃ +

µ

ρLu
∆ũ +

FL

ρu2
f̃ ,

∇ · ũ = 0.

The Reynolds number is defined to be

Re =
ρLu

µ
,

so we can now rewrite the dimensionless equations as

Dũ

Dt̃
= −

P

ρu2
∇p̃ +

1

Re
∆ũ +

FL

ρu2
f̃ , (1)

∇ · ũ = 0.

Since the bacteria are microscopic, they have a small length and velocity, and, hence,
have a small Reynolds number, typically less than 10−4 [1]. So multiplying both
sides of (1) by Re and choosing P and F appropriately, the left-hand side of the
equation is very small and can neglected. The result is the Stokes flow equations for
incompressible flows:

0 = −∇p̃ + ∆ũ + f̃ ,

∇ · ũ = 0.

These are the equations we use in our model.

59



2.2 Solutions of the Stokes Flow Equations

We compute the Stokes flow using both a Stokeslet and rotlet. A Stokeslet is a
velocity field that satisfies the Stokes Flow equations resulting from the application
of a force at a single point. The rotlet simulates the motion of the motor at the end
of each flagellum, because it represents flow due to a rotation. The rotlet accounts
for a torque at the first point of each flagellum.

The equations for the Stokeslet is

~US =
~f0

8πr
+

(~f0 · ~x) ~x

8πr3
, (2)

where ~f0 is the force applied at the origin. The force component of the Stokeslet
includes all of the spring forces which represent the connectivity of the flagella. The
equation for the rotlet is

~UR =
~L × ~x

8πr3
(3)

where ~L represents the torque. As can be seen by these equations, a problem that
occurs with using the Stokeslet and rotlet is that both types of flows contain singu-
larities at the origin. This implies the velocity of the fluid becomes unbounded at
the points where the force and torque are applied, which is not physically correct. In
order to eliminate the singularities, we are going to regularize each type of flow using
a cutoff function. A cutoff function is defined to be a smooth, radially symmetric,
even function φ : R

3 → R
3 satisfying

∫ ∫ ∫

R3

φ(~x) d~x = 4π

∫

∞

0

r2φ(r) dr = 1.

We need to scale the cutoff function to apply it to this problem. The scaled version
of the cutoff function with the small parameter δ > 0 in three dimensions is defined
as φδ(r) = 1

δ3 φ
(

r
δ

)

so that

4π

∫

∞

0

r2 φδ(r) dr = 1.

The cutoff function will regularize the singular velocity by approximating it with a
smooth version.

2.3 Derivation of the Regularized Stokeslet

We define the force by ~f( ~X) = ~f0φδ( ~X), where ~f0 = (f1, f2, f3) is a constant vector.
Our cutoff function is φδ = 15δ4

8π(r2+δ2)7/2
, where r2 = x2 + y2 + z2, and let P0 and U0 be

solutions of the Stokes Flow equations, so that

0 = −∇P0 + ∆ ~U0 + ~f and ∇ · ~U0 = 0. (4)
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By taking the divergence of the first equations (4), we find an equation for pressure
in terms of force.

∇ · 0 = ∇ · (−∇P0 + ∆ ~U0 + ~f)

By distributing on the right-hand side, and interchanging the divergence and the
Laplacian since derivatives commute, we get

0 = −∇2P0 + ∆∇ · ~U0 + ∇ · ~f.

Since ∇ · ~U0 = 0 and ∇2 = ∆, we get

∆P0 = ∇ · ~f. (5)

Now if we expand ∇ · ~f from equation (5), we obtain the following

∆P0 =
∂

∂x

(

15δ4f1

8π(r2 + δ2)7/2

)

+
∂

∂y

(

15δ4f2

8π(r2 + δ2)7/2

)

+
∂

∂z

(

15δ4f3

8π(r2 + δ2)7/2

)

,

=
−105δ4

8π(r2 + δ2)9/2
(~f0 · ~X). (6)

Let k be a scalar function such that

∆k = φδ =
15δ4

8π(r2 + δ2)7/2
,

Notice that φδ depends only on r and not on θ or ϕ, so we may assume k must
depend only on r as well. Therefore, the three dimensional expansion of the Laplacian
is

1

r2

d

dr

(

r2 dk

dr

)

=
15δ4

8π(r2 + δ2)7/2

and

∫

d

(

r2 dk

dr

)

=

∫

15r2δ4

8π(r2 + δ2)7/2
dr.

By integrating both sides, we obtain

dk

dr
=

r(5δ2 + 2r2)

8π(r2 + δ2)5/2
+

C

r2
.

Now we have the following

∆P0 = ~f0 · (∇∆k) = ∆(~f0 · ∇k)

and
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P0 = ~f0 · ∇k = f1
∂k

∂r

∂r

∂x
+ f2

∂k

∂r

∂r

∂y
+ f3

∂k

∂r

∂r

∂z

Substituting for the value of dk
dr

we just found and dr
dxi

= xi

r
, we get

P0 =

(

f1r(5δ
2 + 2r2)

8π(r2 + δ2)5/2
+

C

r2

)

x

r
+

(

f2r(5δ
2 + 2r2)

8π(x2 + y2 + z2 + δ2)5/2
+

C

r2

)

y

r
+ . . .

(

f3r(5δ
2 + 2r2)

8π(r2 + δ2)5/2
+

C

r2

)

z

r
.

But in order for P0 to be smooth (nonsingular at the origin), we choose C = 0.

P0 =
5δ2 + 2r2

8π(r2 + δ2)5/2
(~f0 · ~X) (7)

Now that we have found the formula for pressure, we can use it to find the velocity
field. If we insert equation (7) into equation (4), we get

∆ ~U0 −

(

~f0(5δ
2 + 2r2) + 4(~f0 · ~X) ~X

8π(r2 + δ2)5/2
−

5(5δ2 + 2r2)(~f0 · ~X) ~X

8π(r2 + δ2)7/2

)

+ ~f0φδ(r) = 0.

Now recall that P = ~f0 · ~∇k where ∆k = φδ. If we define a scalar function h such
that ∆h = k and making these substitutions, we get

∆ ~U0 = ∇(~f0 · ∇∆h) − ~f0∆k = ∆∇(~f0 · ∇h) − ∆~f0k,

which implies

~U0 = ∇(~f0 · ∇h) − ~f0k = (~f0 · ∇)∇h − ~f0k. (8)

Using the fact that k only depends on r and solving for ∆h = k, we have the following

1

r2

d

dr

(

r2 dh

dr

)

=

∫

dk

dr
dr =

∫

r(5δ2 + 2r2)

8π(r2 + δ2)5/2
dr

By integrating the right-hand side of the equation,

1

r2

d

dr

(

r2 dh

dr

)

=
−(3δ2 + 2r2)

8π(r2 + δ2)3/2
+ C. (9)

We can ignore the constant C from equation (9).
Multiplying both sides by r2 dr and integrating, yields

r2 dh

dr
=

−r(3δ2 + 2r2) + 3δ2r

8π(r2 + δ2)1/2
+ C.
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Again, we set C equal to 0 to avoid a singularity at the origin.
Multiplying both sides by dr

r2 and integrating again, results in

h =
−(r2 + δ2)(1/2)

8π
+ C.

Once again, we can ignore the constant C, since we are only concerned with derivatives
of h. By substituting h into equation (8), we get the following (see appendix for full
calculations):

~U0 =
~f0(r

2 + 2δ2)

8π(r2 + δ2)3/2
+

(~f0 · ~X) ~X

8π(r2 + δ2)3/2
. (10)
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Figure 1: The graph of singular Stokeslet and smooth Stokeslet at different δ values

Notice that as δ goes to zero, we get back equation (2), the singular form of the
Stokeslet. This shows us that this is a good approximation for equation (2) for small
δ.

Normally, our Stokeslet would have a discontinuity at the origin as in figure (1).
After it is regularized, the smooth version no longer has any discontinuities. In figure
(1), also notice that as we decrease δ the approximation of the original function
is more accurate. By regularizing the Stokeslet and rotlet, we no longer have any
discontinuities and are able to compute the velocites at every point. This is important
to our model since we will have point forces along the flagella, which would give us
undefined velocities on the flagellum using the singular Stokeslet, but are now spread
out across the width of the blob in a continuous manner.

2.4 Derivation of the Regularized Rotlet

We begin with the Stokeslet that was found in the previous section, equations (10)
and (7).

P0 =
(5δ2 + 2r2)(~f0 · ~X)

8π(r2 + δ2)5/2
, ~U0 =

~f0(r
2 + 2δ2)

8π(r2 + δ2)3/2
+

(~f0 · ~X) ~X

8π(r2 + δ2)3/2
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where ~f0 is an arbitrary vector constant. Now, (P0, U0) satisfy for ∇P0 = ∆ ~U0 + ~f0φδ.
Other solutions can be found by differentiation. For example, let ~g be an arbitrary
constant vector, and define

P1 = ~g · ∇P0 and ~U1 = (~g · ∇) ~U0.

One can check that (P1, ~U1) are approximate solutions of the Stokes Flow equations.

If we expand ~U1, we obtain (see appendix for complete derivation)

U1 =
2(~g · ~X)~f0

8π(r2 + δ2)3/2
−

3(~g · ~X)(r2 + 2δ2)~f0

8π(r2 + δ2)5/2
+

(~g · ~f0) ~X

8π(r2 + δ2)3/2
+ . . .

(~f0 · ~X)~g

8π(r2 + δ2)3/2
−

3(~f0 · ~X)(~g · ~X) ~X

8π(r2 + δ2)5/2
. (11)

Notice that the third and fifth term of equation (11) are symmetric with respect to
~f0 and ~g (switching ~f0 and ~g makes no difference). Terms one, two, and four may or
may not be symmetric. Through a process of simple calculations, we eliminate the
symmetric part of these three terms (1,2,4). If we let a be the coefficient of (~g · ~X)~f0,

and b be the coefficient of (~f0 · ~X)~g, then

a =
2

8π(r2 + δ2)3/2
−

3 (r2 + 2δ2)

8π(r2 + δ2)5/2

and

b =
1

8π(r2 + δ2)3/2
.

Then the remaining terms one, two, and four on the right of equation (11) can be
written as

(a + b)

2
[(~g · ~X)~f0 + (~f0 · ~X) ~g ] +

(a − b)

2
[(~g · ~X)~f0 + (~f0 · ~X) ~g ]. (12)

The first term in equation (12) is symmetric, but the second term is not. We conclude

that the antisymmetric part of ~U1 is only the second term of equation (12). Since

rotation is antisymmetric, we will define the rotlet, ~A to be the antisymmetric part
of ~U1. That is

~A =
(a − b)

2
[(~g · ~X) ~f0 − (~f0 · ~X) ~g ]

=
(b − a)

2
〈y (f2g1 − f1g2) − z (f1g3 − f3g1), z (f3g2 − f2g3)−

x (f2g1 − f1g2), x (f1g3 − f3g1) − y (f3g2 − f2g3)〉.

Defining ~L = ~f0 × ~g, our equation for ~A becomes

~A =
1

2

(2r2 + 5δ2)

8π(r2 + δ2)5/2
(~L × ~X). (13)
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~A is the flow due to the Rotlet of strength ~L. Also notice that as δ goes to zero, we
get back the singular form of the rotlet, equation (3), again showing this to be a good
approximation for equation (3).

In this form it is clear, since the motion of the rotlet is based on a cross product,
that it describes rotation or torque.

3 Construction of a Flagellum

In our model, we construct each flagellum using points connected by springs. The
springs allow us to tie together discrete points into solid flagella while still permitting
some flexibility. Between each pair of adjacent points, xk and xk+1, there is a spring
force from xk towards xk+1. Also the xk+1 feels an equal and opposite force towards
xk by Newton’s Third Law. The first and the last point only have forces towards the
other points of the flagellum. The spring force from the xk towards xk+1 is defined
to be

~fxk
= k0

(

L

L0

− 1

)

~xk+1 − ~xk

L
, L =‖ ~xk+1 − ~xk ‖

where k0 is the spring constant,L is defined to be the distance between xk+1 and xk at
time t, and L0 is defined to be the initial resting length between xk+1 and xk at time
t = 0, see figure 2. Initially, the force between the points will be zero since they start
out at the resting length. However, if the distance between the two points changes,

Figure 2: A picture of the spring forces between consecutive points

the spring force acts to return the distance between the points to the resting length.
The first points of each flagellum are also connected with a spring to model the fact
that the flagella are in a stationary position relative to one another on the body of
the organism. The spring force is defined in the same way as the other forces with
the exception that the force only acts on the first points of each flagellum.
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Flagella typically assume a helical shape. To accomplish this in our model, we
introduce forces to maintain this form. Without these forces, the flagella would deform
because they are comprised of discrete points. To achieve this, we apply spring forces
between every third point on each flagellum which are defined the same way as the
forces between every adjacent point with L being the distance between xk+2 and xk

and L0 being the resting length between every third point. We do this in an attempt
to preserve the angles created by the curve of the helix. However, this is not enough
to hold the flagella in a helical form, so we add spring forces between each point xk

and its corresponding point, xk+np, where np is the number of points in one period.
This connects each point with its corresponding point one period away as seen in
figure (3).

Figure 3: Graph of the helical spring forces

It is also necessary to connect every point in each flagellum to the first point as
shown by the dashed lines in figure (4). The last point is also connected to every
point in the flagella in the same manner. The motivation for doing this is discussed
later when we discuss our computational challenges in modeling one flagellum.

The spring forces acting on all the springs are summed up into the vector ~f of the
Stokeslet equation (10). Using the Stokeslet we compute the velocity at each point
relative to all the other points. After this construction, there are no external forces
on the flagella. They are just held together in a helical form. The only external force
that acts upon the flagella is the force generated by the rotary motor at the base of
each flagellum. This motor was modelled using the rotlet equation (13). The flow
created by the rotlet is generated by a torque at the base of each flagellum which
mimics the motor. The torque is only applied to the first point of each flagellum.
When the torque is applied, it creates rotation throughout the entire fluid which
cause the points on the flagella to rotate. This rotation causes displacement of the
points from rest length so the spring forces become nonzero pulling the points back to
their initial rest length which forces the flagella to maintain their helical form causing
them to spiral through the fluid. In our computer model, after using the Stokeslet to
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Figure 4: Graph of the spring forces

calculate the velocity, we add to this velocity the component given by the rotlet. We
then solve the differential equation d~xk

dt
= ~u to calculate new positions of ~xk, for all k.

We solve this differential equation using the ODE23 command in MATLAB, which
uses a second-order Runge-Kutta approximation method. With the new positions,
we need to recalculate the forces since the points have moved and repeat this process
to calculate the points position after another time step.

3.1 Computational Challenges of Modeling One Flagellum

We came across many difficulties while modeling our first flagellum. The first problem
that arose in simulating the rotation of one flagellum was deformation due to the
direction of the torque. Initially, the torque was directed along the first two points
of the helix which caused a rotation perpendicular to what we want (around the first
two points in the xy-plane). We want the rotation to be around the center axis of
the helix and needed to direct the torque along that axis at all time. To ensure that
the torque is always along this axis of the helix, we can not just define it to be in
the initial direction of the central axis, for this would not account for shifts in the
direction of the helix. At first, we tried to bring a point out in front of the helix so
that the vector connecting it to the first point of the helix was parallel to the central
axis and directed the torque along this vector. We put a spring force between the
first two points and a force to conserve the angle defined by the first three points to
maintain this positioning. This worked very well for a short time periods, but the
extended first point was not held in tight enough and eventually shifted creating a
change in the direction of the torque relative to the rest of the helix. We then tried to
direct the torque from the last point of the helix toward the first point of the helix. To
make this work, we need the last and first points to maintain a straight line through
the helix at all times. To assure that this happen, we tie the first point to every other
point of the helix (see figure 4) and also tie the last point to every other point in the
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helix keeping them tightly in place relative to the rest of the helix. This construction
keeps the torque in the proper direction as well as helps to hold the helix together.

As stated earlier, the bacteria move by viscous rather than inertial forces, so we
may think of the organism as moving in thick fluid such as honey. Our model is
made of discrete points tied together with spring forces rather than a solid object,
so a problem that arose was that these viscous forces were stronger than the springs
causing the helix to deform. If we increase the spring constants enough, this fixes our
problem of deformation; however, the stronger springs also resist the rotation given
by the torque. We need to find a balance between the spring forces and the torque.
Once we found an initial balance, the forces were extremely large and required signif-
icant amount of computation time–far more than our time table allowed, especially
considering that this was only for one flagellum and we would soon be adding more.
Another element that caused such large computation times was an excessive amount
of ’for loops’ in our code, which do the calculations for each point in succession. To
fix this problem, we first, converted our code to vector form, which does all of the
calculations at once. This helped our computation time, but was still not fast enough.
To further reduce our computation time, we scaled down the size of our flagellum.
With a smaller flagellum, everything was closer together and, hence, required smaller
forces. This reduction in size led to at least a fifty percent decrease in computation
time.

After finding a balance between spring constants and torque, we had an accurate
model of an elastic flagellum. While running one flagellum with a torque, we were
able to achieve rotation while maintaining its helical form for long periods of time (see
figure (5)). This showed us that the forces discussed earlier were an effective way of
structuring our flagellum. Once obtaining a successful model of a rotating flagellum,
we introduced second one to begin studying their interactions.

Figure 5: Left hand figure at t = 0. Right hand figure at t = 15.

4 The Addition of a Second Flagellum

When we add a second flagellum we need to connect the first points of the two flagella
to simulate that they are connected to a rigid body with fixed distances between
them. After doing this we started running simulations to look at the interactions
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between the two flagella, and immediately noticed a problem with our model. Our
flagella were able to pass through one another, which clearly could not occur in the
real world. Even though the points of the flagellum were connected with spring
forces, these forces were not making a solid flagellum. The flagella were able to pass
through the spaces between the points of the other flagella. This is only possible,
as illustrated in figure 6(a), if the points in the two different flagella have velocities
that cross one another. When our choice of δ is small relative to the spacing between
the points, the the cutoff functions that approximate the velocity at these points
do not overlap enough allowing for very different velocities at nearby points. By
adding more points, thus decreasing the space between them, and increasing δ which
will make our cutoff functions wider, so that they have more overlap, the area in
which our approximation applies will become larger. Therefore close points will have
velocities in the same direction and will not be able to cross as shown in figure 6(b).
We are restricted in how much we can increase δ because we do not want to lose
accuracy in the approximation. We did increase δ, but kept it moderate, relative to
our rest separation of points in the flagella. We increased the number of points in each
flagellum and found great improvements. The amount of time it took for the flagella
to pass through ech other was greatly prolonged. After long periods of time the
flagella become very close and due to numerical errors eventually pass through each
other. With a further increase in the number of points in each flagellum this could
be further delayed, however, an increase in the number of points greatly increases
the computing power needed. We increased the number of points enough to prevent
crossing over for a reasonable amount of time while still keeping our computational
time down (every flagella pictured has forty-one points).

Figure 6: (a) Crossing flagella with less points and smaller δ (b) With more points
and larger δ, the flagella will not cross
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Next, we mapped out points in the fluid of our simulations. We noticed that
the points in the back of the flagella were not moving as quickly as the points near
the front. This makes sense since the rotation, defined by equation (13), decays as
1
r2 where r is the relative distances from the first points of the flagella. Therefore,
mathematically we do not expect the end of the flagella to feel as much rotation,
and we saw this to be true. To even out the rotation along the flagella, we apply a
torque equidistant from all other torques that has a magnitude equal to the combined
magnitude of all the other torques and opposite in direction, which we call the anti−
torque. We place this torque in front of the flagella so that it will cancel out more
of the rotation in the front of the flagella than in the back since it too decays by
1
r2 . Doing this is not unjustified. The body of the bacteria rotates in an opposite
direction to the rotation of the flagella, and physically, there should not be a net
torque in the system. The biggest problem we ran into while doing this was that
the anti-torque was cancelling out too much rotation. While, the flagella no longer
appeared to rotate, we knew that the rotation could not be entirely cancelled out
because the points on the on flagella are closer to the torques located at the first
points of the flagella than to the anti-torque. But as stated earlier when the torque
was too low, the spring forces overpowered the rotation, and there was no motion.
We realized that the remaining torque was just too small for the rotation to occur.
To rectify this, we increased the torque constants by a couple orders of magnitude so
that the remaining torque after cancellation would still be great enough. This idea
showed success, and we regained rotation throughout the flagella. With the return of
rotation, we noticed some bundling but not to the desired extent.

As stated earlier, the bacteria move by viscous forces or, in other words, fluid
pushing the bacteria forward, rather than the bacteria propelling themselves. When
the flagella bundle, the surrounding fluid is pushed radially outward so fluid must
flow up through the center to replace it since the fluid is incompressible (see figure
(7)). The fluid that travels up through the center of the helices flows into the back of

Figure 7: Flow generated by motion of flagella

the bacteria, pushing it forward. The two flagella are positioned in a line relative to
each other, and we decided that a more three dimensional configuration was required
to achieve this type of flow.
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5 Construction of Our Final Model–Four Flagella

We want the flagella to be positioned in a somewhat tubular form so that they may
all rotate around each other, to gain the flows discussed in the last section. To do
this we add two more flagella and place each of the four flagella at the corner of
a square. The flagella are not only positioned in a square, but an actual square is
added in the plane of the first points of the flagella to represent a rigid body. To make
the square rigid we connect each point of the square to every adjacent point (along
both diagonals, rows and columns) using very stiff spring constants. In addition to
having each corner being connected to the three points surrounding it, they are also
connected to the first points of every other flagella, hence, each of the other three
corners. This was done to add structural integrity to the square (see figure (8) for a
picture of the construction). The addition of this square has two purposes; first, it

Figure 8: Four flagella attached to square

helps maintain the relative positions of the first points of the flagella, as would be the
case when attached to a bacterial body. Second, it provides a surface for the fluid to
push against.

5.1 Results for Four Flagella

The model of four flagella connected to the corners of a square is very promising.
The square was able to provide a strong structure for the flagella to be attached,
maintaining their relative positions. Before implementing the anti-torque we still
were unable to achieve the desired degree of bundling. Once the anti-torque was
implemented into the model, we realized it was an important component we had
needed all along. The anti-torque was able to even out the rotation along each of
the flagella and cause the square, our version of a bacterial body, to rotate in a
direction opposite that of the flagella. The body rotated clockwise as the flagella
rotated counterclockwise which is needed for a net torque of zero as well as being
an accurate portrayal of the bacteria. With this model, we were able to achieve the
desired bundling of the flagella which was one of our initial goals. As you can see by
figure (10), the flagella intertwine into a tight coil as hoped. We were very excited
by this result, because it shows us that the bundling of the bacterial flagella could
be explained by its fluid flow. We next looked at the fluid flow created by the four
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Figure 9: Bundling of Four Flagella

flagella. We found that the four flagella did, in fact, push the fluid from within the
flagella radially outward as we had projected (figure 7). We also noticed that there
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Figure 10: Fluid Point Interaction with Flagella

was some flow from behind the flagella up through the center of the helices although
not as much as we desired. We will talk more about this in the next section.

5.2 Future Research into Four Flagella

By changing the position of the anti-torque and varying the constants of the forces
and torque, we saw drastic changes in the net movement of the bacteria. These
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motions ranged from movement backwards, slight motion forward, no net motion at
all, and, sometimes, even extremely erratic motion. We were, however, never able
to achieve significant motion forward. Since the changes in our initial conditions
and constants had such drastic changes in the motion of the bacteria, we feel that
further experimentation with these values could lead to successful modeling of forward
motion. Another reason we believe forward motion was not induced, is that, as we
stated earlier, there was not significant flow through the center of the helices. There
are two reasons why we believe this to be so. First, while our flagellum held its rigid
structure when only the torque from one flagellum was applied, the addition of more
torques led to some deformation, leading us to believe that there was not enough of
a channel through the center of the helices for the fluid to flow through. The second
reason is that it appeared as though there was some flow through our square. This
is because there were not enough points comprising our square, so the fluid was able
to flow through the spaces between these points. Adding more points to the square
greatly increased the computation time required and have not yet been able to run
these simulations, though believe a more solid square will provide a better structure
for the fluid to push against. We would like to implement both of these ideas in the
future. We also have not yet been able to derive an accurate model of the tumbling of
these flagella. We believe this to also be an effect of not having rigid enough helices.
By the geometry of the left-handed helix, they should be able to intertwine when
running counterclockwise but should be unable to fit together when rotated the other
way. As of now, when we rotate the helices clockwise, we still see bundling. We
believe this is because our helices are unravelling and rewinding into right-handed
helices allowing them to intertwine when rotated clockwise. Because of this, we feel
that further research into constructing stiffer helices will result in accurate depictions
of tumbling.

6 Conclusions

Our results, thus far, have proven promising. The spring forces discussed earlier did
very well in holding the flagella into helices. Directing the torque between the first
and last points in the helices also maintained the rotation along the central axis of
the helices even after they had shifted their orientation. We found that using more
points in our model leads to a more accurate physical description. Also counter to
our initial intuition the most accurate cutoff function was not always the best. In
our application a slightly wider cutoff function was necessary to prevent the flagella
from passing through each other. Through running different models, we found the
anti-torque to be an integral part to inducing bundling. We also found that putting
some sort of body, in our case, the square, was essential to maintaining the spacing
between the fronts of the flagella. With only spring forces connecting the first points,
this allowed for too much freedom in their motion. We would still like to produce
forward motion, tumbling, and draw greater conclusions about the flow of the fluid
around the flagella. We believe this can be done with further experimentation of
constants, initial positions, and more time for running computations, though the
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general shape and motion is what we were hoping to achieve in this work. We plan
to continue working on this model and are optimistic in achieving further successes.

7 Appendix

Calculations for equation (10)
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Calculations for equation (11)
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